Abstract. We study the behavior of eigenfunctions of the Schrödinger operator −∆ + v with potential having power, exponential or super-exponential growth at infinity and discontinuities on manifolds in R n . We use a connection between the domain of analyticity of the main symbol (|ξ| 2 + v(x)) −1 of the parametrix −∆ + v at infinity or near singularities of v and the behavior of eigenfunctions at infinity or near singularities of potentials. Our approach is based on a general calculus of pseudodifferential operators with analytic symbols.
Introduction
We study the behavior of eigenfunctions of Schrödinger operators −∆+v with potentials having power, exponential or super-exponential growth at infinity and which is discontinuous on manifolds in R n . We use a connection between the domain of analyticity of the main symbol (|ξ| 2 +v(x)) −1 of the parametrix −∆ + v and the behavior of the eigenfunctions at infinity or near singularities of potentials. Our approach is based on a general calculus of pseudodifferential operators with analytic symbols.
It should be noted that exponential estimates for eigenfunctions of Agmon type [8] for Schrödinger operators with decreasing potentials can be obtained from the general estimates of the present paper.
If A = −∆+|x| 2 is the Harmonic oscillator, then the well-known estimates (see, for instance, [3] ) for eigenfunctions φ φ(x) = O exp − ( of the parametrix of A has an analytic extension with respect to ξ in the tube domain R n ξ + i{η ∈ R n : |η| < |x|}. Moreover, we prove that the eigenfunctions of the Schrödinger operator with potential |x| 2k (k ∈ N) are entire functions on C n and we give estimates for the order and the type of these entire functions.
We also consider the Schrödinger operator A = − + q near the singularities of the potential.
The problem under consideration is connected with a class of pseudodifferential operators with double symbols p(x, y, ξ) which have an analytic extensions in tube domains R n + W α (x) with bases depending on x, and can have a growth at infinity faster than any polynomial. Moreover, the symbols p(x, y, ξ) are discontinuous with respect to (x, y) on some manifolds in R n . The work is based on a general calculus of pseudodfferential operators with double symbols p(x, y, ξ) in the form given by Levendorskii (see, for instance, [7, 8] ). This calculus is an extension of the well-known calculus of Beals and Hörmander (see, for instance, [2] ) and Feigin [3] . But we need a calculus of pseudodifferential operators with analytic symbols p(x, y, ξ) with respect to ξ in tube domains with base depending on (x, y). Such calculus is presented in the current paper. Applying this calculus we obtain results on boundedness and Fredholmness of pseudodifferential operators with double symbols in Sobolev spaces with exponential weight exp a(x) compatible with the domain of analyticity of the symbol. We also obtain estimates for solutions of differential equations at infinity or near singularities of the coefficients, and the results on the behavior of eigenfunctions of Schrödinger operators are obtained as a corollary of these estimates.
A connection between the domain of analycity of the parametrix of pseudodifferential operators and exponential estimates of solutions of pseudodifferential equations at infinity was first given in the short paper [6] , devoted to the study of scalar pseudodifferential operators with symbols a(x, ξ) analytic with respect to the variable ξ in the tube domains R n + iW , where W is a bounded convex domain in R n independent of x. In the paper [7] an algebra of pseudodifferential operators with operator-valued symbols analytic with respect to ξ in tube domains R n + iW was considered and weighted estimates with weights exp a(x), a(x) = O(|x|) as x → ∞, were obtained for solutions of partial differential equations with operator-valued coefficients.
Recently, methods based on pseudodifferential operators with symbols a(x, ξ) analytically extended with respect to ξ in tube domains with bases independent on x have been used in problems of semiclassical analysis, tunneling effects and so on (see, for instance, [9 -11] ) and the references therein).
Auxiliary results
In this section we will formulate auxiliary results on the general calculus of double pseudodifferential operators with symbols which can have singularities on manifolds in R n following [7, 8] . For α = (α 1 , ..., α n ) we use the standard notations
. We say that a pair of positive continuous functions Φ(x, ξ) and ϕ(x, ξ) defined on Ω × R n is a pair of weight functions if there are numbers C > 0 and c > 0 such that
(1) It follows from condition 1 that the growth of weight functions with respect to ξ can not be faster than polynomial. We list examples of sets Ω and functions q that satisfy the estimates given above:
(Ω) is a regularized distance from the point x ∈ Ω to the boundary ∂Ω. This means
Example 5. Let Φ and ϕ be the same as in Example 2. Then
is in the class O(Φ, ϕ).
sup
The constants n α β,γ (p) define the Fréchet space topology in S(λ, Φ, ϕ). We associate with a function p(x, y, ξ) ∈ S(λ, Φ, ϕ) a pseudodifferential operator with double symbol
where the integrals are taken over the entire space (this is always supposed if the limits of integration are not indicated). The integral in (2) 
) and p(x, ξ) has a growth at infinity not faster than polynomial. Let p(x, ξ) be a polynomial with respect to the variable ξ satisfying the estimates sup
and let χ(x, y) = θ c
where c > 0 is sufficiently small, θ ∈ C ∞ 0 (R) and θ(x) = 1 in a neighborhood of the origin. Then the differential operator p(x, D) can be written as a pseudodifferential operator with double symbol
It is easy to check that p(x, ξ)χ(x, y) ∈ OP S(λ, Φ, ϕ).
where
and B = Op(b) where
for an arbitrary N ∈ N, with
Moreover, for each α, β, γ there exist constants
The space H(λ, Φ, ϕ) endowed with the finest topology in which each operator
Proposition 9. Let λ, µ ∈ O(Φ, ϕ). The following statements hold:
a) The embedding D(Ω) ⊂ H(λ, Φ, ϕ) ⊂ D (Ω) is continuous and D(Ω) is dense in H(λ, Φ, ϕ). b) The embedding H(µ, Φ, ϕ) ⊂ H(λ, Φ, ϕ) is continuous if λ(x, ξ) ≤ Cµ(x,
ξ), and this embedding is compact if
with the topology of the inductive and projective limits, respectively.
Let us consider an important example of functional space H(λ, Φ, ϕ) in which the norm is defined in an explicit way. Let q(x) be the function in Example 2, λ(x, ξ) = 1 + |ξ|
If m is positive but non integer, the norm in H(λ m , Φ, ϕ) can be defined by means of interpolation, and for negative m by means of duality.
Let ϕ and Φ be the same weight functions as in Example 2. Then H ∞ (Φ, ϕ) is a countably-normed space with topology given by the semi-norms 
) is a continuous operator, and there exist constants C > 0 and N > 0 such that
The differential operator p(x, D) can be represented by means of construction (4) as a pseudodifferential operator with double symbol p(
where Φ and ϕ are the weight functions in Example 2 and λ(x, ξ) = 1 + |ξ|
Below we will formulate conditions for operators in OP S(λ, Φ, ϕ) to be compact or to be Fredholm (see [7, 8] ).
Then: 
holds.
Proposition 13 (see [7: p. 68 
]). Let the conditions of Proposition 12
hold. Then:
then the spectrum of A is either C or a discrete set. In the last case every point of the spectrum is an eigenvalue, the corresponding eigenspaces are finite-dimensional, and all eigenfunctions of A are in H ∞ (Φ, ϕ).
3) If A is a symmetric operator on H ∞ (Φ, ϕ), then A has a self-adjoint extension with a discrete spectrum.
In what follows we need in a representation of pseudodifferential operators in the class OP S(λ, Φ, ϕ) as an oscillatory integral. We will suppose that the condition
holds. Proof. Applying the Leibnitz-Hörmander formula for the differentiation of a product and estimates (7) we obtain
where N ∈ N. This implies that Op(p)u(x) can be written as an oscillatory integral
By integrating by parts herein we obtain
where the last integral is absolutely convergent uniformly with respect to ε > 0 if 2γN > n + m + 1. Thus if 2γN > n + m + 1, then we can pass to the limit in J ε (x) and obtain
what completes the proof.
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Pseudodifferential operators with analytic symbols in exponential weighted classes
Let α : Ω → R + be a positive continuous function. We set
Definition 15. We say that p ∈ S W α (λ, Φ, ϕ) if p ∈ S(λ, Φ, ϕ) and p satisfies the following condition: for any fixed point (x, y) ∈ Ω×Ω the function p(x, y, ξ) has an analytic extension with respect to the variable ξ in the tube domain R n ξ + iW α (x) and, for all multi-indices α, β, γ,
where ζ = ξ + iη. The best constants n α β,γ (p) in this estimates define the Fréchet space topology in S W α (λ, Φ, ϕ).
The following proposition concerning the algebra S W α (λ, Φ, ϕ)) is similar to Propositions 7 and 9.
and for each α, β, γ there exist constants C αβγ > 0 and M ∈ N such that
The proof of this propositions is similar to that of [7: Propositions 7 and 9]. Hence it is omitted. Definition 17. Let Φ and ϕ be weight functions. We say that a weight
(Ω) and for all multi-indices β
The best constants n β (a) herein define a topology in Λ(Φ, ϕ).
(Ω) and x, y ∈ Ω. Then we set
Proof. We have
t(x−y) .

By Definition 15,
and by Definition 1 we have
−|β|−|γ| follows from both above given estimates.
The following theorem is a key result for investigation of pseudodifferential operators of the class S W α (λ, ϕ, Φ) in exponential weighted Sobolev spaces.
Theorem 19. Let p(x, y, ξ) ∈ S
∈ OP S(λ, ϕ, Φ), and (Ω) and p x, y, ξ − ig a (x, y) ∈ S(λ, Φ, ϕ) . Proof. The statement p x, y, ξ − ig a (x, y) ∈ S(λ, ϕ, Φ) has been proved in Proposition 18. According to the Lagrange formula,
Applying Proposition 14 we obtain the representation
For an arbitrary ε > 0 the integrand herein has a finite support with respect to y, and exponentially decreases with respect to ξ as ξ → ∞. Hence, the integral can be written as 
dξ.
After the change of variables τ = ξ + ig a (x, y) we obtain
dτ. (10) Note that this change of variables is possible because x, y ∈ Ω, g a (x, y) ∈ W α (x) on supp xy p and p(x, y, ζ) is defined in the domain Ω × Ω × (R n + iW α (x)). Since p(x, y, ζ) is an analytic function with respect to ζ in R n + iW α (x) and g a (x, y) ∈ W α (x), there exists a tube domain
where ε is a sufficiently small number so that p x, y, τ −ig a (x, y) is an analytic function with respect to τ on T x,y,ε . Thus the integrand in (10) is an analytic function with respect to τ in the layer T x,y,ε containing R n . Moreover, it is exponentially decreasing if Re τ → ∞ uniformly with respect to Im τ ∈ Im T x,y,ε . Thus we can use the Cauchy-Poincare theorem [14] and replace integration in (10) along the plane R n − ig a (x, y) by integration along R n and write
A slight modification of Proposition 14 allow us to pass to the limit in that integral and to obtain 
Thus the theorem is proved
Corollary 20. Let the conditions of Theorem 19 be fulfilled. Then for an arbitrary
Thus b ∈ Λ(Φ, ϕ) and
Let b ∈ Λ(Φ, ϕ) and λ ∈ O(Φ, ϕ). We say that the function
u ∈ H b (λ, Φ, ϕ) if u H b (λ,Φ,ϕ) = bu H(λ,Φ,ϕ) < ∞.
Let us denote
H b ∞ (Φ, ϕ) = λ∈O(Φ,ϕ) H b (λ, Φ, ϕ) and H b −∞ (Φ, ϕ) = λ∈O(Φ,ϕ) H b (λ, Φ, ϕ).
Since the multiplication by the weight b is an isomorphism of D(Ω) and D (Ω), we have the dense imbeddings
D(Ω) ⊂ H b ∞ (Φ, ϕ) ⊂ H b −∞ (Φ, ϕ) ⊂ D (Ω). (11) Proposition 23. Let P = Op(p(x, y, ξ)) where p(x, y, ξ) ∈ S W α (λ, Φ, ϕ) and b = exp a ∈ Λ(Φ, ϕ) with g a (x, y) ∈ W α (x) if (x, y) ∈ supp xy p. Then P : H b (λµ, Φ, ϕ) → H b (µ, Φ, ϕ
) is a bounded operator, and there exist constants
where n α βγ (p) are the constants in (8) and n α (a) are the constants in (9) . The proof follows immediately from Theorem 19.
If this condition is fulfilled, then ker P and
and therefore, according to Proposition 12/a), this operator is compact from H(λµ) into H(µ). Applying Proposition 12/b) we obtain that P is a Fredholm operator and the implication stated holds.
If this condition holds, then
where q is the same as in Example 2. Let
Exponential estimates of solutions of differential equations
In this section we suppose that Ω = R n \M where M is a compact closed manifold in R n of dimension n − 1, Φ and ϕ are weight functions in Ω and µ ∈ O(Φ, ϕ). We consider the partial differential equation
with coefficients which can have discontinuities on M and growth at infinity. Let the weight b ∈ Λ(Φ, ϕ) be such that lim x→∞ b(x) = ∞ and lim x→M b(x) = ∞. If condition (12) of Theorem 24 is fulfilled, then implication (13) holds, but below we are interested in a more strong result, namely, the implication
The main result of this paper is the following theorem on exponential decay of solutions of equation (14) near singularities of coefficients and at infinity.
2) The implication
Proof. The operator b
can be written as a pseudodifferential operator with double symbol of the form
It follows from condition (16) and Theorem 24 that
Pseudodifferential Operators with Analytic Symbols 367 is a Fredholm operator for all t ∈ [−1, 1]. By Proposition 10, the function
is continuous, so that the index b
, and this embedding is dense. Then the kernels
Corollary 28. Let the conditions of Theorem 27 be fulfilled. Then the implication 
The operator A is included in the usual algebra of pseudodifferential operators with weight functions
The operator A considered as unbounded with domain H(λ, Φ, ϕ) is selfadjoint and has a discrete spectrum. Let us introduce a weight
. It is easy to see that the weight a ∈ Λ(Φ, ϕ). 
For k = 2 we obtain the estimate of eigenfunctions of the perturbed Harmonic oscillator −∆ + |x| 2 (1 + r(x)) where r satisfies conditions (16). The estimate for eigenfunctions |∂
holds where ε > 0 is arbitrary. This estimate is well-known for the Harmonic oscillator (see [3] ).
Analytic properties of eigenfunctions. Let us consider the differential operator
This operator is included in the algebra of pseudodifferential operators in the class OP S(λ, Φ, ϕ) where
for all α. Let us consider the analytic properties of eigenfunctions of A k,l in the case when k, l ∈ N. We setÂ By the embedding theorem,
for all α and m ∈ N.
